This survey paper describes recent developments in the area of parametrized variationM principles (PVPs) and selected applications to finite-element computational mechanics.
ABSTRACT
A common thread runs through these examples:
1. An urgent application need is established.
2.
Response to need produces an unpolished tool.
3.
Tool is recognized as useful beyond its initial purpose. E C2 [a,b] be a real-valued function, while _ is a free parameter. 
Principal and Gauge Functlonals
The explanation for the behavior of the preceding functionals is straightforward. Consider for simplicity (2) in which the parametrized term is separated as
Here Hp is the principal .functional whereas Ha is a gauge functional. 
One-Dimenslonal Example
As our first encounter with a multifield PVP, the following 6-coefficient generalization of (2) to two independently varied fields: u a_nd p = u', is postulated:
in which The Euler-Lagrange equations for _ii = 0 and ,_pII = 0 are
Consistency of (10) with the field equations u _ -p = 0 and u + p_ = 0 dictates that J be of the form 
where 
where _ and _"are prescribed on ru and rq, respectively, and n is the exterior unit normal on P. The single-field functional II(u) associated with (i2)and (13) is well known:
jd ,
Here U(u) has the meaning of internal energy whereas P(u) is an external energy associated with the source and prescribed-flux terms.
As 
The PDE (12) decomposes into the three field equations Figure  2 , also for instructional reasons. 
A 3-Field PVP for Poisson's Equation
The configuration of (14) The first variation of U may be compactly expressed as
in which _, _ and _ denote the combinations
On linking 5U with the variation of the parameter-free external-energy term P given in (14), we obtain the Euler-Lagrange equations in _2
while the Neumann boundary condition on is (_)rn = _'. Consistency with the three field equations (16) and the boundary condition q = _"leads to constraint conditions on the j coefficients. These can be expeditiously obtained by noting that at the exact solution of the Poisson's problem, p = 15 = pg = p_ and g = g = gg = g". Consequently 
Here the negatives of the three off-diagonal elements of J are abbreviated to sl, s2 and s3 for use below.
The choice ja3 = 1, others zero, yields the well known single-field functional (16). Other choices for J are discussed in conjunction with the classical elasticity problem in Section 5, which has a similar parametric structure.
Using the decomposition of J as sum of rank-one matrices 000 I!00 10 i] 11!] E,:
E,: Refer to Figure 2 for display conventions.
out for certain choices of J as discussed above.
To make u disappear, the last row (and column) of J must have all zero entries, which contradicts the last of (22). Consequently functionals with internal energy of the form
This point is further elaborated in Section 5.5. 
CLASSICAL ELASTICITY "ClassicM
These fields are connected by the kinematic, constitutive and balance equations e = Du, a" = Ee,
where
is the 6 x 3 symmetric-gradient operator, its transpose D T the 3 x 6 tensor-divergence operator, and E is the 6 x 6 stress-strain matrix of elastic moduli arranged in the usual manner.
The boundary conditions are
The field equations (27) and boundary conditions (29) make up the Strong Form (SF) of the classical-elasticity problem.
The SF is graphically represented in Figure  3 using again a modified Tonti diagram of the primal (displacement-based) formulation. u that remind us that these are displacement-derived strains.
5.2
Two strong connections: the balance equations DTo " + f = 0 in V and the flux boundary condition: o'_ = t" on St, have been weakened by making them satisfied only in an average sense:
' :: _ " Are there more? The number increases if one allows hybrid functionals into consideration.
All functionals of classical elasticity can be expressed in the form analogous to (14): 
Use of either of these potentials allows fi to be discontinuous across internal interfaces.
In (36) ,o]1°o
"""_ J 11 Fig. 6 . Representation of the three-parameter PVP for classical elasticity in (j11, j_, jaa) space. Generating matrices for interesting functionals are shown near the "points."
Heuristic Parametrizatlon
The strain energy portion U of II = U -P can be written down as follows for the PE, HR and HW canonical functionals:
where I is the 6 x 6 identity matrix. 
in which _, _ and _" denote the weighted combinations
Combining 5U with 5P yields 61-I. For example, if P is taken as pc of (35) (43) 
This leaves 6 -3 = 3 free parameters. 
where scaling factors sl, s2 and s3 are defined in (23). The general Weak Form for arbitrary parameters is depicted in Figure  7 . As can be observed this has become more complex, requiring some study to sort out. 
, dY,
where I is the 6 x 6 identity matrix, h is defined in (49), and the derived fields are
and _' = -div ft. In the incompressible limit OJ' vanishes. 
where Is and I3 denote the identity matrices of order 6 and 3, respectively. The derived
The zero entries of the kernel matrix in (54) reflect the orthogonality of symmetric and antisymmetric parts.
The analysis carried out in [25] shows that consistency with the field equations requires that
Consequently there are 12 -6 = 6 free parameters in (54). 
----0, gas+g_5+g56 = which leaves 21 -12 = 9 free parameters. 
which, on including prescribed sources p and j, yields the two-field Lagrangian • Yields similar accuracy in displacements and stresses.
• Is relatively insensible to geometric distortion.
• Is mixable with other elements.
• Provides effective a-posteriori error estimators to drive mesh adaptation procedures. • Extends readily to nonlinear and dynamic problems. 
where U and pd are given by (41) and (36) 
The assumed strain is also split into a basic component (the average or mean strain 5) and a higher-order component called the deviatoric strain:
Observe that eh is represented here by a constant-plus-linear function that is odd in x, and contains a coefficient # that weights the "mixing" between the constant and linear parts.
If # = 0 the strain varies linearly as in the quadratic-displacement element and _ = e _'.
If # = 1 the strain is constant over subelements 1-2 and 2-3 and agrees with that of the "macroelement" constructed with two linear 2-node bar elements. The assumption (65) satisfies the compatibility conditions f°h ca(z)dx = -f: eh(X)dx = _2 for any/1.
Finally, the boundary displacements are identified with the end-node displacements:
Because u(z) also agrees exactly with vl and va at the end nodes, the boundary term in (63) 
where forces Pl, i52 and pa result from the nodal lumping of f(x) and
Expressing (67) 
Here we see the emergence of the stiffness decomposition (62). The basic stiffness Kb contains no parameters and has rank one, so by itself it is rank deficient. The higher order stiffness has also rank one and its addition stabilizes K as long as/_ > 0. The foregoing derivation appears to be overkill for such a simple element. Indeed 
where _ > 0. Both K_ and Kh have rank one, and combine to provide the proper rank of two. The (optimal) Hermitian-cubic beam element is recovered if _ = 3.
An interesting property is that the Timoshenko (C°) beam has exactly the same stiffness decomposition but the optimal _ is then 3 + 36(EI/GA)h -2, where GA is the sectionaveraged shear rigidity; if GA ---+ ¢x_ or h ---+ 0, _ ---* 3. The distinction made in the copious finite element literature on C o versus C 1 beam elements is seen to be artificial.
Three High-Performance Triangles
For multidimensional elements the general parametrized functional (61) has not been yet exploited in its full generality. As of this writing only two one-parameter subsets have been studied in some detail: . Its free parameter is called 7-Reduces to PE for "i' = 0 and to HR for 7 = 1 (see Figure  14) .
2.
A stress-strain-displacement d-generalized functional II_(u, er, e, d) associated with the Assumed Natural Deviatoric Strain (ANDES) formulation. Its free parameter is called a. Reduces to HR for a = 0 and HW for a = 1 (see Figure  14) .
The most successful multidimensional HP elements constructed to date using these subsets are depicted in Figure  15 and The insensitivity of EFFAND with respect to element aspect ratio is illustrated in Table   2 , which pertains to the beam-under-pure-bending test problem shown in Figure  16 . The results of 
On integrating by parts one finds that the error satisfies
which may be called the Weak Form of the Error (WFE). It displays three contributions.
The first term shows the effect of the source'residual error r = _72_ + f over each element.
The second term brings the effect of violating the flux boundary conditions. The third term gives the contribution of interelement flux jumps.
The error energy measure is obtained by taking w = u -fi = e_: u = Ub + uh but its higher order part is now
rather than (64). This is obtained by integrating the assumed strain (65).
The applied force is f(x) = f, a constant. The finite element matrix equations reduce to the scalar equation k22v2 = p2, in which
The error energy equation is derived from the computed strains:
4 -_t h2f
F [ ]
[Using e u yields the same result here because _ e" on account of (75 
